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Abstract -Viscoelastic material behavior is often characterized using one of the three measurements: creep, 
stress-relaxation or dynamic sinusoidal tests. A two-stage numerical method was developed to allow representa- 
tion of data from creep and stress-relaxation tests on the Fourier axis in the Laplace domain. The method assumes 
linear behavior and is theoretically applicable to any transient test which attains an equilibrium state. The first 
stage numerically resolves the Laplace integral to convert temporal stress and strain data, from creep or stress- 
relaxation, to the stiffness function, G(s), evaluated on the positive real axis in the Laplace domain. This numerical 
integration alone allows the direct comparison of data from transient experiments which attain a final equilibrium 
state, such as creep and stress relaxation, and allows such data to be fitted to models expressed in the Laplace 
domain. The second stage of this numerical procedure maps the stiffness function, G(s), from the positive real axis 
to the positive imaginary axis to reveal the harmonic response function, or dynamic stiffness, G(jo). The mapping 
for each angular frequency, s, is accomplished by fitting a polynomial to a subset of G(s) centered around 
a particular value of s, substituting js for s and thereby evaluating G(jo). This two-stage transformation 
circumvents previous numerical difficulties associated with obtaining Fourier transforms of the stress and strain 
time domain signals. The accuracy of these transforms is verified using model functions from poroelasticity, 
corresponding to uniaxial confined compression of an isotropic material and uniaxial unconfined compression of 
a transversely isotropic material. The addition of noise to the model data does not significantly deteriorate the 
transformed results and data points need not be equally spaced in time. To exemplify its potential utility, this 
two-stage transform is applied to experimental stress relaxation data to obtain the dynamic stiffness which is then 
compared to direct measurements of dynamic stiffness using steady-state sinusoidal tests of the same cartilage disk 
in confined compression. In addition to allowing calculation of the dynamic stiffness from transient tests and the 
direct comparison of experimental data from different tests, these numerical methods should aid in the expcri- 
mental analysis of linear and nonlinear material behavior, and increase the speed of curve-fitting routines by fitting 
creep or stress relaxation data to models expressed in the Laplace domain. Copyright Q 1996 Elsevier Science Ltd. 
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INTRODUCTION 

Previous numerical methods can represent data from creep, stress- 
relaxation, and dynamic sinusoidal tests as a viscoelastic spectrum 
(Emri and Tschoegl, 1993; Fulchiron et al., 1993; Honerkamp and 
Weese, 1993; Mead, 1994) or determine poroelastic material constants 
(Frank and Grodzinsky, 1987; Mow et al., 1980). Although exact 
expressions interrelating the transient (creep, stress-relaxation) and 
harmonic (dynamic sinusoidal) response functions are known (Ferry, 
1980; Gross, 1953), practical implementation has been fraught with 
numerical difficulties (Schwarzl and Struik, 1967; Tschoegl, 1989). This 
paper presents a numerical method which circumvents these problems 
in the transformation of transient response functions to the harmonic 
response function. 

THEORY 

Overview of the numerical procedure 

Stage 1: Integration of the Laplace integrals of stress, u(t), and strain, 
I, to obtain G(s) for real s. 

Received infinalform 13 June 1996. 
Address correspondence to: Dr M. D. Buschmann, Biomedical En- 

gineering Institute, Ecole Polytechnique of Montreal, P.O. Box 6079 
Station Centre-Ville, Montreal, Quebec, Canada, H3C 3A7. Fax: 514 
340 4611; Tel.: 514 340 4180; E-mail: mike@grbb.polymtl.ca. 

Stage 2: G(s) is fit piecewise to a polynomial, s replaced by js, 
resulting in G( jw). 

Stage I: Integration of the Laplace integrals 

For material tests under displacement control the transfer function, 
G(s), is the ratio of the Laplace transform of stress output, (T(S), to strain 
input. E(S), 

G(s) = (T(s) 
E(S) 

wheref(s) = ‘y f(t)e-“‘dr. 
0 

The Laplace variable is complex (s = c( + jw). The first stage of the 
numerical method calculates G(s) for s real and positive by approximat- 
ing the Laplace integral of u(t) and e(t) to obtain g(s) and E(S) and 
subsequently, by division, G(s) on the positive real axis in the Laplace 
domain. All computations were performed using the program Math- 
ematica. Time domain signals are linearly interpolated during integra- 
tion. The upper integration limit is reduced to a value, t,,,, that is 
related to the value of real s for which the integral is evaluated, 
dependent on the desired accuracy via accuracy = exp( - .&,x). When 
t max exceeds the time of data acquisition the time domain signal is 
extended to t,,, using the mean of the last 10 points of the signal. This 
assumes that an equilibrium state has been obtained. 

Stage 2: Mapping G(s) to G(jo) using polynomials 

The harmonic response function, or dynamic stiffness, is G(s) evalu- 
ated for s imaginary and positive, G(jo). A continuous function is 
analytic in a region of the complex plane if it is free of singularities in 
that region. If  the linear system is assumed to be stable, the continuous 
system function G(s) must be free of singularities in the right-half of the 
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Fig. I. Verification of numerical transforms using the model expressions of uniaxial confined compression 
of a linear isotropic poroelastic material [equations (4) - (9)] Material parameters are HA = 0.5 MPa and 
k = 1.0 x 10-l’ m4 N-t s-t, and the thickness I = 1.0 mm. (A) For stress relaxation a 1% surface to surface 
strain is applied at constant velocity over 10 s and the response is calculated for 500 points equally spaced 
on the log scale of time between 0.001 and 1000 s (only the first 90 s is shown).(B) For creep a 5 kPa stress is 
applied and 500 points equally spaced on the log scale of time are calculated from 0.001 to 10,000 s (only the 
first 1900 s is shown). The data of (A) and (B) are transformed using the one-stage numerical integration to 
obtain the dimensional surface to surface disk stiffness, C(s), shown in(C), evaluated for real s corresponding 
to the frequency range 0.00001~1.0 Hz (j= s/2x). Three curves are plotted in (C): the numerically trans- 
formed results of (A) and (B) as well as equation (4) evaluated directly. All three curves overlap identically 
showing one line in (C). The three curves of(C) are transformed using the polynomial mapping technique to 
obtain the dynamic stiffness, mag[G(ju)], and phase [G(ju)], shown in (D). A fourth curve evaluated 
directly using equation (4) is also plotted in(D). The magnitude curves overlap identically showing only one 
line, while a small error has accumulated in the phase since the three transformed curves do not identically 

overlap with the fourth curve calculated directly from equation (4). 

complex plane where Re(s) > 0. G(s) is therefore analytic in this region, imaginary axis for G(jo). This mapping was implemented by fitting 
including the positive real axis and the positive imaginary axis. The a fifth-order polynomial to each discrete sample of G(s) using two of 
identity theorem for single-valued analytic functions states that if two points on each side of the sample. G(jo) was found by substituting js for 
single-valued functions are analytic in a common region and coincide s and evaluating the polynomial at the central (third) point. 
identically in a subset of that region (on a segment of a curve) then the 
two functions coincide identically throughout their common region of 
anatyticity (Carrier et al., 1983). One could therefore use any analytic 

Fourier analysis of harmonic signals 

function which accurately represents G(s) for the discrete samples on the The harmonic response function is measured using s(f) = E,, sin(wt). 
positive real axis and then evaluate that function on the positive After a steady state. the Fourier transform of time domain stress and 
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Fig. 2. Verification of numerical transforms using the mode1 expressions of uniaxial unconfined compres- 
sion of a linear transversely isotropic poroelastic material [equations (lo)-(14)]. Materials parameters are 
El = 5.0 MPa, E3 = 0.5 MPa, u1 = v3 = 0.1, and k = 1.0 x lo-l5 m4 N-’ s-’ and the radius r = 1.5 mm. 
The rest of the description in the caption for Fig. 1 applies here as well with the appropriate alterations in 

equation numbers [equations (4) ~ (lo), (6) - (12), (7) - (13). (9) (14)]. 

strain signals allow computation of the dynamic stiffness, MODEL FUNCTIONS FROM POROELAS’I’ICITY 

G( jo) = z where f(,jo) = i f(t)e-j”’ dt. (2) 

The conditions for the existence of the Fourier Transform of a signalf(t) 
are the Dirichilet conditions (Oppenheim and Willsky, 1983), the most 
important of which is that f(t) be absolutely integrable, 

Uniaxial conjned compression of an isotropic material 

z 
j If(t)ldt < z. (3) 

--z 

This condition is not met by the time domain signals of any of the three 
tests considered here, stress relaxation, creep and dynamic sinusoids so 
that their Fourier integrals do not converge. In practice, however, the 
discrete Fourier transform (DFT) is numerically evaluated over a finite 
time interval, T, a procedure which assumes the function is periodic 
with period T. This assumption is valid for steady-state dynamic 
sinusoidal tests but not for stress relaxation and creep (Oppenheim and 
Schafer, 1989). 

In confined compression of an isotropic material (Biot, 1941; 
Buschmann et al., 1992; Mow et al., 1980). one material parameter is 
required to describe the equilibrium stiffness of the disk, the confined 
compression equilibrium modulus, HA, which arises in part due to 
molecular-level repulsive electrostatic forces (Buschmann and Grod- 
zinsky, 1995). One other material parameter, the hydraulic permeabil- 
ity, k, controls the magnitude of the viscous solid-fluid interaction and 
therefore the relaxation phenomena. These two material parameters 
combine with the disk thickness, 1, to give a characteristic angular 
frequency, s0 = HA k/l’, serving to normalize time, t = &. and the 
Laplace variable, s = S/s,, where the overbars indicate dimensional 
variables in this section only. For a stress relaxation experiment where 
a ramp compressive displacement of magnitude u0 is accomplished at 
constant velocity during a time t 0, the surface to surface strain and 
average surface stress are normalized according to t: = z/e, and 
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Fig. 3. Verification of numerical transforms using artifically generated noisy data. Random noise was 
added to the strain and stress data of Fig. lA, with an amplitude equal to 5% of the current value of the 
data, and the results shown in Fig. 3A. Numerical transforms were carried out as described in the caption of 
Fig. 1. The addition of noise has a negligible effect on the magnitude of the dynamic stiffness (B), but slightly 

affects the phase. 

(J = 5/(&e HA) where ee = ue/f. The Laplace transform of the normalized (Cohen et al., 1992) 
surface to surface stiffness of the disk, G(s) = @)/HA, is 

G(s) = 2 = &oth(,,&). 
4s) Blo (4) - C~I (&I& 

(4) G(s)=Eo=IO(&-A I, c&J 

The ramp displacement in the time and Laplace domains is where I, is the modified Bessel function of order n and 

(10) 

E(t) = ; [U(f) - U(t - to)] + U(C - fo), 
1 - v, - 2Ruj 1 - 

A= B= 
v, + R(j - 

2~3) 1 -Rv: , 1 - v, - 2Rv: ’ 

1 1 -exp(-t,s) 
44 = t, 

[ 1 (5) C = A + 2(B - l), R=2. (11) 
sz ' 3 

(E,, ut) are the equilibrium Young modulus and Poisson ratio in the 
where U(t) is the Heaviside step function. Using equations (4) and (5) transverse plane and (E3, v3) are the equilibrium Young’s modulus and 
and the theorem of residues for Laplace inversion, the normalized Poisson ratio in the axial direction. The characteristic frequency for 
surface stress is time and Laplace variable normalization is s,, = AI, k/r2 where 

AtI = EBR/A(l + ur). For a ramp displacement [equation (5)] the 

u(t) = i + $ - -!-- “y L exp( - n2 7~’ t) for 0 < t < to, (6) normalized surface stress is 
0 7c2to n=, ?lz B-l 

u(t) = 
I 4_ + (B - 1X1 - 2/A) x 

2 n=5 1 4(2 - A)to to to 
u(t) = 1 - nZto - exp( - n2 A’ t) [l - exp(r? s2to)] 

n2 
for t > to. )1=oU 

n exp( - ait) 

(7) c n= 1 a.’ Ca.2P.4 + (A/2) - 11 
forO<tit,, (12) 

For a creep experiment where a surface stress, uo, is applied instan- 
taneously, the surface-to-surface strain and average surface stress are 

u(t) = 1 + (B - 1) + (1 -2/A) 
to 

normalized according to E = EHA/oo and (r = .??/uo. The average surface 
stress in the time and Laplace domains is 

1 

“r [l - exp(a,2 to)] exp( - a,2 t) 
for t > to, (13) 

n=l a: CaZ/2A + (A/2) - 11 

u(s) = ; 

and the Laplace inversion for I normalized reveals 

(8) where a, is the nth root of a, Jo (a.) - AJ1 (a”) = 0, J, is the Bessel 
function of order n and u = 5/(e,, E,). For a creep experiment [equation 
(8)], the normalized surface to surface strain is 

“=a 
1 

exp( - ait) 

“=, 1 -C/2B-(a:B/2C) 
(14) 

E(t) = 1 - f  “T 
1 

- exp [ - (n + 4)” A’ t]. 
n=o (n +fY and CL, is the nth root of a. Jo (a.) - (C/B) J, (or.) = 0 and E = SE&,. 

Uniaxinl unconfined compression of a transversely isotropic material RESULTS 
For uniaxial unconfined compression of a linear transversely 

isotropic poroelastic disk of radius r, the Laplace transform of the The two-stage numerical method for converting transient to har- 
normalized surface to surface stiffness of the disk, G(s) = G(s)/E3, is manic response functions was tested using model expressions from 
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Fig. 4. Example application of the two-stage numerical transform to experimental data of bovine humeral 
head articular cartilage tested in uniaxial confined compression. (A) The last of a series of ramp displace- 
ments (magnitude 5 pm, velocity 1 p s-l) from the initial cartilage thickness, 1.00 mm, to - 15% offset, 
0.865 mm. The numerical method was applied to the data of (A) to obtain the lines in (C). At the - 15% 
offset strain, a sequence of sinusoidal displacements of amplitude 5 pm was applied in the frequency range 
0.00-1.0 Hz. The 0.1 Hz data are shown in (B). A standard discrete Fourier transform was applied to the 
third cycle of the each sinusoidal experiment to obtain the points in (C). The two tests reveal similar 

dynamic stiffness, especially in the low-frequency region. 

linear poroelasticity summarized in equations (4)-(14). Numerical 
values of time domain expressions for stress relaxation and creep were 
calculated (Figs lA, B and 2A, B) and G(s) for s real and positive was 
calculated (Figs 1C and 2C) from these numerical values using the 
integration technique described in Stage 1 of the method. The Laplace 
transforms of stress and strain were calculated at intervals of 0.25 on the 
log 10 scale of the frequency in the range ( - 5.5,0.5) corresponding to 
frequency range (3.16 x 10e6, 3.16) Hz. 

For both confined and unconfined cases, G(s) for s real and positive 
was identical whether calculated from stress-relaxation, creep, or dir- 
ectly using the expression of G(s) (Figs 1C and 2C). G(jw) was then 
found by mapping G(s) from the positive real axis to the positive 
imaginary axis using locally fit polynomials as described in Stage 2 of 
the method. For both confined and unconfined cases the magnitude of 
c(jo) was essentially identical whether originating from creep, stress- 
relaxation, direct evaluation of G(s) or direct evaluation of G(jw) 
(Figs 1D and 2D). The phase of G(jo) appeared to be more sensitive to 
accumulated numerical errors but was nonetheless quite similar for 
these four cases (Figs 1D and 2D). The absence of potential degradative 
effects of noise was confirmed by adding random noise to temporal 
stress and strain and performing the transformations on these noisy 
data (Fig. 3). 

To demonstrate the potential utility of these new numerical methods, 
they are applied to experimental stress relaxation data of bovine articu- 
lar cartilage in confined compression (Fig. 4). Small amplitude stress 
relaxation (Fig. 4A) and dynamic sinusoids (Fig. 4B) were applied to the 
same disk at a 15% compression offset. The two-stage numerical 
method was applied to stress-relaxation signals resulting in the lines in 
Fig. 4C while the DFT was applied to the sinusoids resulting in the 
points in Fig. 4C. Thereby, tissue behavior for these two tests was 
directly compared. 

CONCLUSION 

A novel technique for the conversion of transient response functions 
to harmonic response functions has been developed and verified 
through application to model expressions and example experimental 
data. In practice, the method is not highly sophisticated, only requiring 
standard numerical quadrature and polynomial-fitting routines. The 
key to its robustness, stability, and accuracy appear to be the splitting 
of the conversion into two easily executable stages. Since the method is 
recently developed, its general applicability and potential limitations 
are not entirely known. Ongoing studies aim to characterize the range 

within which the harmonic response function may be calculated given 
a particular sampling rate and time of data acquisition. Errors asso- 
ciated with the exact choice of zero time and the extent to which the 
final state is an equilibrium state will also be characterized. Addition- 
ally, certain types of transient tests may be more suitable to provide 
high-frequency characteristics (fast ramp tests) or low-frequency 
characteristics (creep). In addition to deriving the harmonic response 
function from transient tests, these numerical methods may be useful in 
the comparison of different transient temporal tests, the analysis of 
linear and nonlinear behavior, and in curve-fitting procedures in the 
Laplace domain. 
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