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A transport model of electrolyte convection through a charged membrane
predicts generation of net charge at membrane/electrolyte interfaces
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Abstract

Recent measurements of electrical potentials on cartilage undergoing compression revealed the expected negative streaming potentials
due to the presence of fixed negative charge in the cartilage matrix. However, these measurements also detected positive electric potentials
extending into the external saline bath. We hypothesized that these positive potentials arise from convective displacement of mobile ions through
an extended non-equilibrium double layer at the cartilage/bath interface. To examine this possibility, we developed a model of electrolyte
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ransport across a charged membrane and examined the distribution of electric potential and mobile ion concentrations in response
onvection. The extended Nernst–Planck and Poisson equations were solved numerically assuming the membrane to be infinitely p
nd infinitely stiff so that neither a streaming potential nor a deformation-induced diffusion potential could occur. First order solutio

orced convection of a mono-monovalent electrolyte through the membrane depicted an altered structure of the extended double
he creation of net interfacial electric charge densities with opposing polarity on opposite sides of the membrane. The model pred
ncrease of the electric and concentration polarizations with increasing ratio of membrane fixed charge to bath ionic strength, but on
oint of saturation. In this regime, the non-linear behavior of the equation system reveals modifications of the extended double layers

ocalized electric fields and ion concentration gradients in addition with those induced in the bulk of the membrane. This convection-
nterfacial polarization has not been previously studied in detail and could be an important controlling factor in several situations in
ransport and electrokinetic phenomena through charged media.

2005 Elsevier B.V. All rights reserved.
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. Introduction

Articular cartilage is the weight-bearing connective tis-
ue covering the ends of bones and is often compared to
harged membranes since its hydrated extracellular matrix
ontains fixed negative charge groups[1]. These fixed anionic
roups are ionized sulfate and carboxyl moieties of the pre-
ominant proteoglycan in cartilage, aggrecan. Aggrecan is
ntrapped within the collagenous network of cartilage at
uch high concentrations that adjacent glycosaminoglycan
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chains bearing ionized sulfate and carboxyl groups are j
several nanometers apart[2]. The presence of this abun-
dant fixed charge in cartilage (∼0.1 mol/L) attracts an excess
of mobile positive ions (predominantly Na+ versus Cl−) to
the fluid phase to maintain electroneutrality[1]. A Donnan
equilibrium is thus established and is the source of seve
interesting non-equilibrium electromechanical phenome
including compression-induced streaming potentials[3] and
current-induced mechanical stress[4]. Due to their physi-
ological importance as biological signals[5] and possible
practical uses in cartilage diagnosis[6], these electrome-
chanical events in cartilage have been the subject of mu
research, either from a theoretical[3,5,7–10]or an experi-
mental[4–7,9–12]standpoint.

376-7388/$ – see front matter © 2005 Elsevier B.V. All rights reserved.
oi:10.1016/j.memsci.2005.04.032



E. Quenneville, M.D. Buschmann / Journal of Membrane Science 265 (2005) 60–73 61

To date theoretical models have predicted that compres-
sion of cartilage induces negative electrical potentials (mainly
streaming potentials measured relative to a ground far away
in the bath) within the tissue that resemble the expected
distribution of interstitial pore pressure[5,12]. It is gener-
ally assumed in these models that the electrical potential is
grounded (i.e. zero) everywhere in the bath, even close to
the cartilage/bath interface. Until recently, most experimental
measurements of electric potentials on cartilage under com-
pression have been made with macroscopic electrodes that
were too large or too few to reveal fine details of the potential
distribution[11]. Recently however, spatially resolved mea-
surements of the potential distribution over articular cartilage,
using arrays of microelectrodes, have revealed not only these
expected negative streaming potentials[12,13], but also an
unexpected presence of a compression-induced positive elec-
tric potentials (measured relative to a ground far away in the
bath) extending macroscopic distances (mm) into the exter-
nal saline bath that is in contact with the cartilage[14]. These
unexpected positive potentials were observed under several
different compression geometries (unconfined compression,
cylindrical and spherical indentation) and were found to be
dependent on the bath ionic strength and the speed of com-
pression[14]. To explain these observations, we hypothesized
that these positive potentials could arise from compression-
induced interstitial fluid flow convecting interstitial mobile
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Fig. 1. Schematic of the one-dimensional membrane configuration consid-
ered in this manuscript. A semi-infinite planar membrane with a thickness
of h = 30/κ (κ is the Debye length) and a constant fixed charge density,ρFCD,
separates two aqueous solutions of mono-monovalent electrolytes with a
fixed concentration,c0. The boundary of the baths,a andb, are located at
1500/κ from each of the membrane/electrolyte interfaces. Thex-axis is nor-
mal to the membrane surface with the origin located at the right boundary
of the membrane. Under non-equilibrium conditions, we assume that the
electrolyte flows through the membrane from the left side (inflow) to the
right side (outflow) at a constant velocity,U.

convection are calculated and investigated as a function of
membrane fixed charge and thickness. Some very interest-
ing and complex effects relating the structure and amplitude
of these interfacial charge distributions to transport mech-
anisms and membrane characteristics are explained. These
interfacial effects have been largely ignored to date, but are
clearly significant. These phenomena may also influence a
wide range of important biological and industrial phenom-
ena, such as in tissue electromechanics, membrane separa-
tion processes, ion-exchange phenomena and electrophoretic
processes.

2. Theory

2.1. Membrane configuration

Consider a planar hydrated membrane with a constant
fixed charge density,ρFCD, separating two aqueous solu-
tions of mono-monovalent electrolytes at a fixed concen-
tration, c0 (Fig. 1). We assume that the permittivity,ε, of
the membrane is equal to that of water, as is generally the
case for highly hydrated membranes (water content >70%).
The equilibrium electrical potential and ion distributions will
vary significantly only within a few Debye lengths from the
membrane/electrolyte interface, where the Debye length is
1 ,
t re-
f
n nite
m l
t ated
o sit-
u ugh
t w)
s r-
i lyte
i ion
ons to perturb their equilibrium distribution at the int
ace between the charged hydrated media (cartilage) an
lectrolyte bath. With convection acting outwards into
lectrolyte bath, this perturbation could induce a net pos

nterfacial charge density that could be the source of a l
ange electrostatic potential compatible with the distribu
hat we observed experimentally.

Models for electrokinetic transport through hydra
harged membranes like articular cartilage generally as
hat the contribution of interfacial effects is negligible co
ared to those originating from the bulk of the membr

9,15,16]. This assumption is usually based on the very s
hickness over which the interfacial effects are expecte
ccur, i.e. on the order of the Debye length, compare

he much larger dimensions of the membrane. How
ur hypothesis above is directly related to interfacial p
omena, thereby obliging us to include rather than ne
embrane/bath interfacial regions when modeling trans
f electrolyte across a charged membrane. In this s
e have therefore applied contemporary transport th

o assess the extent of interfacial polarization of a cha
embrane under forced electrolyte convection. We adop

xtended Nernst–Planck equation as the fundamental
ionship governing the transport of ionic species and com
his equation with the Poisson equation and the equatio
onservation of non-reacting ionic species. These gove
quations are combined with boundary conditions repre

ng convection as the driving force and numerical solut
sing perturbation theory are derived. The charge distrib
nd net charge at the membrane/electrolyte interfaces d
/κ =
√

εRT/2c0F2 with R the universal gas constantT
he absolute temperature andF is Faraday’s constant. The
ore, we chose a membrane thickness ofh = 30/κ to ensure
on-interacting interfaces at equilibrium. This semi-infi
embrane is treated unidimensionally. Thex-axis is norma

o the membrane/electrolyte interface and its origin is loc
n the right side of the membrane. Under non-equilibrium
ations, it will be assumed that the electrolyte flows thro

he membrane from the left (inflow) side to the right (outflo
ide at a constant velocity,U. In order to highlight the pola
zation effects of convection at the membrane/electro
nterfaces, we need to eliminate the possibility of diffus
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potential (due to unequal coion and counterion diffusion coef-
ficients and/or membrane deformation creating gradients in
fixed charge) and eliminate the possibility of streaming poten-
tials. The former is accomplished by assuming equal coion
and counterion diffusion coefficients and an infinitely stiff
membrane, while the latter is accomplished by setting the
hydraulic permeability of the membrane to infinity.

2.2. System of equations

The electroquasistatic limit of Maxwell’s equations
is valid for our case since the magnetic field from any
generated current is of secondary importance to the electric
field produced by distributed electric charge[17]. For
this 1D configuration, electroquasistatic behavior can be
described using the mean field, point ion approximation
[18,19]using the Poisson’s equation,∂2Φ/∂x2 =−ρ/ε, along
with charge conservation equation,∂J/∂x + ∂ρ/∂t = 0, where
Φ is the electric potential,J the current density andt is the
time. The total electric charge density,ρ, can be written
ρ = F

∑
i z

ici + ρFCD(x), whereρFCD(x) is assumed to be
equal toρFCD inside and zero outside the membrane, andzi

and ci are, respectively, the valence and the concentration
of the ith mobile ionic species, namely the coion or the
counterion. Poisson’s equation then becomes,
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literature. So as a first approach to solve this new problem, we
have restricted our analysis to the steady-state regime, where
the existence of solutions to the steady-state PNP equations
in one dimension has been established[25]. In addition, we
will treat convection as a small perturbation to the equilib-
rium system, in order to obtain a set of linear equations that
can be readily solved using numerical methods.

2.3. Steady state

This time-dependent problem can be solved in the steady-
state regime if the time period of the perturbation is much
longer than the characteristic response time of the system
[26]. It will be shown later that perturbation of the mem-
brane equilibrium by convection is the source of electric
polarization (accumulation of net electric charge with oppo-
site polarity at the interfaces) and concentration polarization
(difference in bulk ion concentrations in the inflow versus out-
flow). The electrical polarization of the membrane will occur
almost instantaneously with a characteristic time of the order
of the charge relaxation time of the bath, i.e.∼10−9 s for a
100 mM NaCl solution[27]. Thus, perturbations imposed for
a time period much longer than a few nanoseconds can then
be described by steady-state solutions. On the other hand,
concentration polarization is a much slower process since it
i sion
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∂2Φ(x, t)

∂x2 = −F

ε

∑
i

zici(x, t) − ρFCD(x)

ε
(1)

urrent density written in terms of ion fluxes
(x, t) =∑i FziΓ i(x, t), where each flux is describ
sing the extended Nernst–Planck equation[20], i.e.

i(x, t)= − Di ∂c
i(x, t)

∂x
−ci(x, t)ui zi

|zi|
∂Φ(x, t)

∂x
+ Uci(x, t)

(2)

hereDi andui are the diffusion and mobility coefficien
espectively. Note that the term|zi| in the denominator of th
econd term of the right hand side of Eq.(2) is equal to unity
or mono-monovalent ions and will be removed from
ux equations in the remainder of this paper for concisen
n the absence of ionization or chemical reactions invol
obile ions, each species is conserved[21] according to

∂Γ i(x, t)

∂x
+ ∂ci(x, t)

∂t
= 0 (3)

qs.(1)–(3)can be seen as the extended form (due to an
onvection term in Eq.(2)) of the Poisson–Nernst–Plan
PNP) system in one dimension, which has been ap
o a large range of problems, particularly those in e
rodiffusion [22] and semiconductor fields[23]. In general
ime-dependent PNP systems present significant math
cal difficulties and solutions, when possible, are obta
umerically[24]. However, numerical methods used to so

hese systems are not widely available and no numerical
ion to the extended PNP system of our case was found
mplies transport of ions across the membrane and diffu
hroughout the bath. In principle, this process never rea
omplete steady state since it implies diffusion infinitely
nto the bath. For concentration polarization to be prese
he bath in the vicinity of the membrane, we could estim
haracteristic diffusion time by the time it takes for ions
iffuse through the membrane,�t ∼= h2/2Di, which will be of

he order of milliseconds for a one-micron thick membra
e will keep this in mind when interpreting our steady s

imulation results. Using the notation,�= d/dx, Eqs.(1)–(3)
re rewritten in steady-state as:

2Φ = −F

ε

∑
i

zici − ρFCD(x)

ε
(4)

Γ i = 0 (5)

ith

i = −Di∇ci − uizici∇Φ + Uci (6)

Since this equation set is composed of three sec
rder differential equations, a complete description of
on-equilibrium problem involves the specification of
oundary conditions (BCs) imposed atx =±∞. For pur-
oses of numerical simulation, the boundaries were loca
= a =−1530/κ andx = b = 1500/κ, i.e. at 1500 Debye lengt

o the left and to the right of the membrane, respectively.
rst of these six BCs is provided by a reference for the ele
otential (ground) imposed atx = a in the inflow bath, suc

hat any variation in potential within the membrane or at
utflow will be relative to the potential atx = a, i.e.Φ(a) = 0
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(BC1). The second BC arises from the absence of net elec-
tric current density in the system (open circuit condition),
i.e. J = 0 or

∑
i z

iΓ i = 0 (BC2) [15]. This latter BC can be
imposed either atx = a or b due to Eq.(5). The remaining
four BCs are found from the constant ionic strength (c0) of
the mono-monovalent electrolyte infinitely far in the inflow
and outflow baths, i.e.ci(a) = ci(b) = c0 (BC3–6). These lat-
ter four BCs can be experimentally realized using two large
reservoirs of electrolyte with ionic strengthc0, one acting as
the source of the inflow atx = a and the other as the recipient
of the outflow atx = b. These reservoirs are electrically insu-
lated from each other (open circuit) such that no net current
flows (BC2) and present a pressure difference that induces
convective fluid flow at arbitrary constant speedU. The six
BCs that complete the steady state description are summa-
rized as:

Φ(a) = 0,
∑

i

ziΓ i(b) = 0 and ci(a) = ci(b) = c0

(7)

2.4. Normalization

We choose the following normalization to obtain non-
dimensional variables that are indicated by the overscore:

x̄ = κx; Φ̄ = F
Φ; c̄i = 1

ci; ρ̄ = 1
ρ;

a d for
ρ ions.
T

∇

∇
w

Γ

W

∇

Φ

2

s.
( d

that the convective component of the total flux is small
enough to induce only minor perturbations of the equilib-
rium solution found when fluid flow through the membrane
is absent. Normalization of the equation set has introduced
the termU/κDi multiplying the convective flux in Eq.(11)
that will now be defined asβ, the perturbation parame-
ter. β represents the importance of convective flux relative
to either the diffusive or the electrical migration flux. In
most experimental situations (e.g. convection of a 100 mM
NaCl solution),β will be numerically close to the fluid
flow velocity expressed in m/s, i.e.β = U

κDi
∼= U

1 m/s. There-

fore, a slow convection speed (U < 10−4 m/s) is required for
the perturbation treatment to be valid. Each unknown vari-
able is expanded in powers of the perturbation parameter as
follows:

Φ̄ =
∞∑

j=0

βjΦ̄j (14)

c̄i =
∞∑

j=0

βjc̄i
j (15)

whereβj is thejth power ofβ, andΦ̄j andc̄i
j are the coeffi-

cients of theβj term in the expansions for̄Φ andc̄i, respec-

ul-
RT c0 Fc0

ρ̄FCD(x) = 1

2Fc0
ρFCD(x); Γ̄ i = 1

κDic0
Γ i (8)

Note that the particular normalization ofρFCD(x) by an
dditional factor of 2 compared to the normalization use
simplifies the writing of some of the subsequent equat
he equation system (Eqs.(4)–(6)) then becomes:

¯2Φ̄ = −1

2

∑
i

zic̄i − ρ̄FCD(x) (9)

Γ
i = 0 (10)

ith

¯i = −∇̄ c̄i − zic̄i∇Φ + U

κDi
c̄i (11)

here Eq.(11)can be inserted into Eq.(10) to result in,

¯2c̄i + zi(c̄i∇̄2Φ̄ + ∇̄ c̄i∇Φ) − U

κDi
∇̄ c̄i = 0 (12)

The six BCs written in normalized form are:

¯(ā) = 0,
∑

i

ziΓ̄ i(b̄) = 0 and c̄i(ā) = c̄i(b̄) = 1

(13)

.5. Perturbation analysis

Regular perturbation theory[17,28] is used to solve Eq
9)–(13)in a manner similar to that used in[29]. It is assume
tively. These expansions are substituted in Eqs.(9)–(13)and
the resulting expressions are rearranged to group terms m
tiplied by ascending powers ofβ:

∇̄2Φ̄=
∞∑

j=0

βj∇̄2Φ̄j =
∞∑

j=0

βj

(
−1

2

∑
i

zic̄i
j−δ0jρ̄FCD(x̄)

)

(16)

∇Γ
i = 0 (17)

with

Γ̄ i =
∞∑

j=0

βjΓ̄ i
j =

∞∑
j=0

βj

×
(

−∇̄ c̄i
j − zi

j∑
k=0

c̄i
k∇Φj−k + (1 − δ0j)c̄

i
j−1

)
(18)

whereδmn is the Kronecker delta. Here again, Eq.(18) can
be inserted in Eq.(17) to provide:

∇Γ
i =

∞∑
j=0

βj∇Γ
i
j =

∞∑
j=0

βj

(
−∇̄2c̄i

j − zi

j∑
k=0

(c̄i
k∇̄2Φ̄j−k

+ ∇̄ c̄i
k∇Φj−k) + (1 − δ0j)∇̄ c̄i

j−1

)
= 0 (19)
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The BCs are also rewritten as perturbation expansions,
i.e.:
∞∑

j=0

βjΦ̄j(ā) = 0,

∞∑
j=0

βj
∑

i

ziΓ̄ i
j (b̄) = 0 and

∞∑
j=0

βjc̄i
j(ā) =

∞∑
j=0

βjc̄i
j(b̄) = 1 (20)

3. Results and discussion

3.1. Equilibrium solution

The zero-order equations are obtained by retaining terms
in Eqs.(16)–(20)that are multiplied byβ0 and setting higher
order terms to zero (effectively extracting the coefficient of
β0), i.e.

∇̄2Φ̄0 = −1

2

∑
i

zic̄i
0 − ρ̄FCD(x̄) (21)

∇Γ
i
0 = 0 (22)
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Fig. 2. Numerical solutions for the normalized equilibrium potential within
six Debye lengths from the membrane/electrolyte interface at ¯x = 0 for
normalized fixed charge densities̄ρFCD = 10−4, 1, 5 and 50. The normal-
ized Donnan potential,̄ΦD = arc sinh(̄ρFCD), is used to scale the normalized
electrical potential to simplify comparison of curves. The analytical solu-
tion to the linearized Poisson–Boltzmann equation valid at very lowρ̄FCD

matches the numerical solution identically (expressions with arrows pointing
to ρ̄FCD = 10−4 line). Analysis of the normalized potential provides decay
lengths in the membrane, ¯xM

0 (�), and in the bath, ¯xB
0 ( ), (seeTable 1) that

are also shown. Dimensional quantities can be found as follows:x = x̄(1/κ)
ρFCD = ρ̄FCD(2Fc0), Φ0 = (Φ̄0/Φ̄D)Φ̄D(VT ) andΦD = Φ̄D(VT ).

problems for ordinary differential equations using the collo-
cation method[30]. The numerical algorithm requires speci-
fication of a mesh of points at which the collocation equations
are satisfied. Mesh selection and error control are based
on the residual of this solution, such that the computed
solutionS(x̄) is the exact solution of a perturbed problem
S′(x̄) = f (x̄, S(x̄)) + res(x̄). On each subinterval of the mesh,
a norm of the residual in thenth component of the solution,
res(n), is estimated and is required to be less than or equal
to a specified relative tolerance (res(n)/f(n, S(n))) set to 10−7

in our case[31]. The initial guess solutions provided to the
numerical algorithm for the normalized equilibrium poten-
tial and its first derivative were simply that both̄Φ0 and∇Φ0
were zero everywhere in the calculation mesh.

Numerical solutions for the electric potential at equilib-
rium are presented (Fig. 2) for ρ̄FCD = 10−4, 1, 5 and 50.
Given the symmetry plane at ¯x = −h̄/2, equilibrium results
are presented at the right interface only, i.e. within several
Debye lengths from ¯x = 0. To facilitate visual comparison
between solutions, the normalized potential is scaled by the
normalized Donnan potential of the membrane, i.e.Φ̄0/Φ̄D,
whereΦ̄D = arc sinh(̄ρFCD) (seeTable 1). Solutions are pre-
sented for a positivēρFCD, however, it should be noted that the
figure is invariant if negative values are used forρ̄FCD, since
Φ̄0(−|ρ̄FCD|) = −Φ̄0(|ρ̄FCD|) and−Φ̄D = arc sinh(−ρ̄FCD).
The decay lengths of the normalized potential in the mem-
b ce
f
Φ

t
F the
¯i
0 = −∇̄ c̄i

0 − zic̄i
0∇Φ0 ≡ 0 (23)

q.(23)shows that diffusion and electrical drift compone
f flux are equal and opposite at equilibrium such that t

s no net ion flux. Introducing Eq.(23) into Eq.(22) leads to

¯2c̄i
0 + zi(c̄i

0∇̄2Φ̄0 + ∇̄ c̄i
0∇Φ0) = 0 (24)

This equation set must satisfy the zero order BCs:

¯0(ā) = 0,
∑

i

ziΓ̄ i
0(b̄) = 0 and c̄i

0(ā, b̄) = 1 (25)

ote that since both ionic fluxes are null by definition
quilibrium, the open-circuit condition is automatically s

sfied. Eq.(23)can be integrated usinḡΦ0(ā) = 0 (BC1) and
¯i
0(ā) = 1 (BC3–4), resulting in normalized equilibrium ion
oncentrations expressed as Boltzmann factors of the no
zed equilibrium potential, i.e.

¯i
0 = Exp(−ziΦ̄0) (26)

ncorporating Eq.(26) into the zero-order Poisson’s equ
ion (Eq. (21)) decouples the equations and provides
oisson–Boltzmann equation:

¯2Φ̄0 = sinh(Φ̄0) − ρ̄FCD(x̄) (27)

q. (27) is subjected to the BCs̄Φ0(ā) = 0 andΦ̄0(b̄) = 0,
here the later arises from incorporating ¯ci

0(b̄) = 1 into Eq.
26). Eq. (27) was solved numerically using the “BVP4
odule” of MATLAB 6.1 software (The Mathworks Inc
atick, MA, USA), which treats two-point boundary va
ranex̄M
0 , and in the bath ¯xB

0 , were defined as the distan
rom the interface for which the potential is̄ΦI + (1/e)(Φ̄D −
¯I) and (1/e)Φ̄I , respectively, withΦ̄I = Φ̄0(x̄ = 0) being
he normalized equilibrium potential at the interface (Fig. 2).
or low values of normalized fixed charge density of



E. Quenneville, M.D. Buschmann / Journal of Membrane Science 265 (2005) 60–73 65

Table 1
Numerical values for̄ΦD, Φ̄I , x̄M

j andx̄B
j with ρ̄FCD = 0.0001, 1, 5 and 50

ρ̄FCD Φ̄D Φ̄I x̄M
0 x̄B

0 x̄M
1 x̄B

1

10−4 9.999997× 10−5 5.000032× 10−5 1.00 1.00 1.59 1.59
1 0.8813736 0.4671600 0.866 0.995 1.89 2.10
5 2.312438 1.492634 0.480 0.964 0.71 3.08
50 4.605270 3.625070 0.156 0.804 a a

a Not available due to a lack of convergence of the numerical algorithm
for the first-order perturbation at very high FCD.

membrane, i.e.̄ρFCD < 1, x̄M
0 andx̄B

0 are similar. At higher
values, the increased counterion concentration in the mem-
brane reduces the decay length within membrane ¯xM

0 resulting
in an asymmetric potential profile. Numerical values forΦ̄D,
Φ̄I andx̄M

0 andx̄B
0 at ρ̄FCD = 0.0001, 1, 5 and 50 are summa-

rized inTable 1. Normalized mobile ion distributions derived
from Eq. (26) are also presented in the vicinity of ¯x = 0
(Fig. 3).

The normalized equilibrium space charge density, includ-
ing mobile ions and fixed charge, i.e.̄ρ0 =∑i z

ic̄i
0 +

2ρ̄FCD(x̄), indicates an accumulation of positive charge inside
the membrane and negative charge outside the membrane
within a few Debye lengths of the interface, as expected
(Fig. 4). Since the amplitude of thēρ0 increases with̄ρFCD,
scaling by its maximum value,̄ρmax

0 , facilitates visual com-
parison between solutions. It can be observed that asρ̄FCD
increases, the charge density distributions become more con-
fined on both sides of the interface and that the asymmetry
is less apparent than for the potential distribution (Fig. 2).
This lack of asymmetry results from the difference in the
behavior ofΦ̄0 versus sinh(̄Φ0), the latter controlling charge
density. For all simulations, numerical integration of the nor-
malized space charge distribution in the vicinity of ¯x = 0,

σ̄0(0) = ∫ b̄

−h̄/2 ρ̄0(x̄) dx̄, necessarily reveals no net surface

F the
m
ρ than
1 sional
q
c

charge density to within the relative tolerance of the numer-
ical solution, 10−7.

A general characteristic of all zero order solutions, inde-
pendent of̄ρFCD, was that the electrical potential, ionic con-
centrations and space charge profiles correspond to a double
layer at the interface that is composed of two diffuse lay-
ers of charge, one extending into the bath (the traditional
diffuse layer at a charged surface) and a second layer extend-
ing inside the charged membrane (Figs. 2–4). This extended
double layer structure for the electrical potential at the inter-
face between a charged membrane and a saline bath has been
discussed in the pioneering work of Bartlett and Kromhout
[32] and Mauro[33], where a convention assuming a discon-
tinuous potential drop at the interface was improved by the
use of the Poisson–Boltzmann equation. At lowρ̄FCD, the
potential distribution within the extended double layer can
be estimated analytically using the Debye–Hückel approxi-
mation, i.e.|Φ̄0(x̄)| � 1, such that Eq.(27) is linearized to
∇̄2Φ̄0 = Φ̄0 − ρ̄FCD(x̄) [34]. Using the equilibrium electri-
cal BCs discussed previously, the analytical solution to this
equation at the right interface (¯x = 0) of the membrane is

Φ̄0(x̄) = ρ̄FCD(1 − 1
2 Exp(x̄)), for x̄ ≤ 0

= ρ̄FCD

2
Exp(−x̄), for x̄ > 0

(28)
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ig. 3. Numerical solutions for normalized ion distributions close to
embrane/electrolyte interface (within several Debye lengths of ¯x = 0) for

F̄CD = 10−4, 1, 5 and 50. Normalized coion concentrations are lower
, whereas the counterion concentrations are higher than 1. Dimen
uantities can be found as follows:x = x̄(1/κ), ρFCD = ρ̄FCD(2Fc0) and
i
0 = c̄i

0(c0).
his analytical solution superposes identically onto
umerical solution calculated for̄ρFCD = 10−4 (Fig. 2).
inceΦ̄0 = Φ̄D = arc sinh(̄ρFCD) ∼= ρ̄FCD, in the bulk of the
embrane, the condition for the linearization of Eq.(27),

Φ̄0(x̄)| � 1, is equivalent to|ρ̄FCD| � 1.
Analytical solutions to the one-dimensional non-lin

oisson–Boltzmann equation exist but only in the form
lliptic integrals[32]. Using our numerical solutions for t

ig. 4. Numerical solutions for the normalized total space charge
ity (including mobile and fixed charge) close to the membrane/elect

nterface (within several Debye lengths of ¯x = 0) for ρ̄FCD = 10−4, 1, 5
nd 50. The maximum normalized space charge density,ρ̄max

0 (obtained
lmost at the interface) was used to scale the normalized space char
ity profile for eachρ̄FCD to facilitate comparison of curves. Dimensio
uantities can be found as follows:x = x̄(1/κ), ρFCD = ρ̄FCD(2Fc0) and

0 = (ρ̄0/ρ̄
max
0 )ρ̄max

0 (Fc0).
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non-linear case, we found that the value of the normalized
potential in the bulk of the membrane (Φ̄D) becomes smaller
than ρ̄FCD (seeTable 1), due to increased shielding of the
potential by the counterions. The normalized interface poten-
tial (Φ̄I ) is therefore higher than12Φ̄D, and the decay length
of Φ̄0 (also true for ¯ci

0 andρ̄0) is shorter inside the membrane
than outside (Fig. 2 and Table 1). This can be interpreted
by noting that electrostatic shielding by mobile ions depends
on “local” concentration to create “local” decay (or Debye)

lengths according to ¯xM
0

∼=
√

2/
∑

i c̄
i
0(−h̄/2) [Eq. (20) of

[34] under our normalization (Eq.(8))] that can be approxi-

mated by ¯xM
0

∼= cosh(̄ΦD)−1/2 = (1 + ρ̄2
FCD)

−1/4
. For mem-

branes withρ̄FCD of 10−4, 1, 5 and 50, this approximation
providesx̄M

0 = 1.00, 0.841, 0.443 and 0.141, respectively,
values that are quite close to those obtained numerically (i.e.
1.00, 0.866, 0.480 and 0.156 fromTable 1).

Our simulation results for the potential distributions across
membrane/bath interface in the non-linear region of the
Poisson–Boltzmann equation agree with the calculations of
Ohshima and Ohki[35] for hydrated charged membranes
with highρ̄FCD(results ofFig. 2for ρ̄FCD = 5 and 50 are com-
pared with those ofFigs. 3 and 4of [34] for ρ̄FCD = 3.43 and
53.5, respectively). In Ohshima and Ohki[35], the potential
behavior was modeled using a Gouy–Chapman diffuse layer
in the bath and a linearization of the Poisson–Boltzmann
e ntial
d
e in
t ation
c f the
fi tial
d

ires
t uilib-
r (Eq.
( tric
a ,
w xed
c y the
d ions
b iply-
i ing
t

∇

box
o t
i

∫

wherex̂ is the unit vector. Using the divergence theorem for
the left-hand side,

∫
S

(
∇Φ

2
0

2
−cosh(̄Φ0)

)
x̂ · n̂dS = A

∫ ∞

−h̄/2
−ρ̄FCD(x̄)∇Φ0 dx̄

(30B)

wheren̂ is the normal vector to the surface, we find that

cosh(̄ΦD) − 1 = ρ̄FCD(Φ̄D − Φ̄I ) (30C)

Note that the terms in the integral on the left of Eq.
(30B) are thexx-component of the Maxwell stress ten-
sor for all charged species[17] and thexx-component of
the osmotic stress tensor of the mobile ions, respectively,
while the integral on the right contains the electric force
density on the membrane’s FCD. The mechanical equilib-
rium of the membrane is assumed to occur via the pres-
ence of restoring mechanical force density, arising from
the elasticity of the membrane, to balance the electric
force density acting on the membrane,ρ̄FCD(Φ̄D − Φ̄I ) =
ρ̄FCD(arc sinh(̄ρFCD) − Φ̄I ) or equivalently, the osmotic pres-

sure difference, cosh(̄ΦD) − 1 =
√

1 + ρ̄2
FCD − 1. Integra-

tion over the left interface leads to an equal and opposite stress
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quation inside the membrane (resulting in an expone
istribution with a decay rate equivalent to ¯xM

0 ). The lin-
arization in Ohshima and Ohki[35] induces discrepancy

he region very close to the interface. Such an approxim
annot be used in our case due to the high sensitivity o
rst order perturbation solutions to the equilibrium poten
istribution.

Our assumption of no membrane deformation requ
hat the stress acting throughout the membrane at eq
ium be considered. The Poisson–Boltzmann equation
27)) implicitly describes the equilibrium between elec
nd osmotic forces in the system[2]. From that equation
e can show that the total electric force acting on the fi
harge density of the membrane is exactly balanced b
ifference in the osmotic pressure created by the mobile
etween the bulk of the membrane and the bath. Mult

ng Eq.(27)by the equilibrium electric field and rearrang
erms gives,

¯

(
∇Φ

2
0

2
− cosh(̄Φ0)

)
= −ρ̄FCD(x̄)∇Φ0 (29)

This equation can be integrated over the volume of a
f areaA that extends from−h̄/2 to +∞ (including the righ

nterface of the membrane at ¯x = 0), i.e.

∇̄
((

∇Φ
2
0

2
−cosh(̄Φ0)

)
x̂

)
dV=

∫
−ρ̄FCD(x̄)∇Φ0 dV

(30A)
hat places the membrane under tension. This mecha
quilibrium in the membrane leads to an interesting exp
ion for the normalized surface potential that holds tru
he non-linear range of the Poisson–Boltzmann equatio
epends only on̄ρFCD, i.e.

¯I = arc sinh(̄ρFCD) +

1 −

√
1 + ρ̄2

FCD

ρ̄FCD


 (31)

his analytical equation accurately described simula
esults to within the relative tolerance of the numerical a
ithm (10−7), for the whole range of̄ρFCD (Table 1).

The validity of assuming no membrane deformation u
he above described tensile force of electrostatic or osm
rigin (i.e. infinite membrane stiffness) can be exam
y determining the Young’s modulus of the membra
, required to limit membrane expansion to 10% ten

train, i.e. 0.1E = 2RTc0(
√

1 + ρ̄2
FCD − 1). For example, i

he case of a typical cross-linked polymer hydrogel gel, w
= 0.25 MPa andc0 = 200 mM[36,37], the assumption wi
e valid for |ρ̄FCD| below 0.7. For a cartilage sample w
= 5 MPa (peak modulus at 2% strain) andc0 = 150 mM

38], it will be valid for |ρ̄FCD| below 4. If the membran
xed charged density becomes large, or the salt conce
ion low, such thatρ̄FCD = ρFCD/2Fc0 exceeds the abo
alues, then the membrane will expand significantly re
ng in a new equilibrium charge distribution and discrep
ies with the numerical solutions found in this section
ppear.
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Fig. 5. Numerical solutions for the normalized first order perturbations (¯ci
1, ρ̄1, Φ̄1 and − ∇̄Φ̄1) and induced by forced convection through a membrane

with normalized fixed charge densitȳρFCD = 10−4. For clarity, results are presented out to 30 Debye lengths from the membrane into the bath at the inflow
and outflow, although these perturbations actually continue to decrease linearly in the regions farther away than 30 Debye lengths to meet the null boundary
conditions imposed both sides of the simulation mesh, i.e. at 1500/κ from each of the membrane/electrolyte interfaces. (A) Normalized first order mobile
ion concentrations, ¯ci

1 (concentration gradients (̄∇ c̄i
1) in the bulk of the membrane are also shown). (B) Normalized first-order charge density,ρ̄1 =

∑
i
zic̄i

1
(surface charge density at the interfaces (σ̄1) are also shown). (C) Normalized first-order electric potential,Φ̄1, and field,−∇̄Φ̄1 (potential drop (∆Φ̄1) is
also shown at the outflow). Note that these solutions for first-order perturbations must be scaled by the first power of the perturbation parameterβ before
being directly compared to the equilibrium solutions according to Eqs.(14) and(15). Dimensional quantities can therefore be found as follows:x = x̄(1/κ),
ρFCD = ρ̄FCD(2Fc0), βci

1 = c̄i
1(c0U/κDi), βρ1 = ρ̄1(Fc0U/κDi), βσ1 = σ̄1(Fc0U/κ2Di), βΦ1 = Φ̄1(VT U/κDi) and−β∇Φ1 = −∇̄Φ̄1(VT U/Di).

3.2. First-order perturbation solutions

Higher order non-equilibrium contributions to the series
of Eqs.(14)and(15)can be found from sequential solutions
of the equations by making like powers ofβ, i.e. theβj, vanish
in Eqs.(16)–(19). Since that the global boundary conditions
of Eq.(20)are satisfied by the zero-order terms in the expan-
sion, the higher order BCs satisfy homogeneous boundary
conditions. The first-order equation set is

∇̄2Φ̄1 = −1

2

∑
i

zic̄i
1 (32)

∇Γ
i
1 = 0 (33)

with

Γ̄ i
1 = −∇̄ c̄i

1 − zi(c̄i
0∇Φ1 + c̄i

1∇Φ0) + c̄i
0, (34)

where Eq.(34)can be inserted in Eq.(33) to result in:

∇̄2c̄i
1 + zi(c̄i

0∇̄2Φ̄1 + ∇̄ c̄i
0∇Φ1 + c̄i

1∇̄2Φ̄0 + ∇̄ c̄i
1∇Φ0)

− ∇̄ c̄i
0 = 0 (35)

This equation set must then satisfy the following first-
order homogeneous BCs:

Φ̄1(ā) = 0,
∑

i

ziΓ̄ i
1(b̄) = 0 and c̄i

1(ā, b̄) = 0 (36)

The numerical algorithm described in the previous section
was used to solve Eqs.(32)–(36)after providing null initial
guess solutions for the six unknowns. It should be noted that
due to the normalization (Eq.(8)), this system of equations
is independent of the convection speed (U).

First-order perturbations for mobile ion concentrations
and the electric potential demonstrate accumulation of coun-
terions at the outflow, depletion at the inflow and a lin-
ear potential drop across the bulk of the membrane for
the whole range of̄ρFCD (Figs. 5–7). For clarity, simula-
tion results are graphically presented to show the membrane
and the region outside the membrane in the bath up to
30 Debye lengths from each interface. Simulation results
at low fixed charge density (Fig. 5) show that perturba-
tion of coion and counterion concentrations (¯ci

1 in Fig. 5A)

ane
Fig. 6. Identical toFig. 5except for a membr
 with normalized fixed charge densityρ̄FCD = 1.
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Fig. 7. Identical toFig. 5except for a membrane with normalized fixed charge densityρ̄FCD = 5.

are the sources of a net first-order charge density,ρ̄1 =∑
i z

ic̄i
1, equal at both interfaces, but with an opposite polarity

(Fig. 5B). Note thatσ̄1(−h̄) = ∫ −h̄/2
ā

ρ̄1(x̄) dx̄ = −σ̄1(0) =
− ∫ b̄

−h̄/2 ρ̄1(x̄) dx̄ is the integrated normalized interfacial
charge density. This charge density distribution induces a
constant electric field within the bulk of the membrane and a
corresponding potential drop across the membrane (Fig. 5C).
The basic structure ofFig. 5is conserved inFigs. 6 and 7pre-
senting numerical solutions obtained for convection through
membranes with higher normalized fixed charge ofρ̄FCD = 1
and 5, respectively. It should be noted that the concentration
perturbations fall linearly to zero in the region not depicted
in Figs. 5–7, i.e. between 30 and 1500 Debye lengths where
boundary conditions in Eq.(13)are met. It is also important
to note that in this region outside the graphical depictions
of Figs. 5–7that the perturbed charge density is null, since
counterion and coion perturbations are equal, and the poten-
tial drop induced over the membrane is maintained right out
to the mesh boundaries. All first-order perturbation solutions
are antisymmetric about ¯x = −h̄/2.

A most striking result found in these numerical solutions
is the prediction of a net electric charge built up on both
sides of the membrane due to forced convection perturbing
the equilibrium distribution of ions within the extended dou-
ble layer at both interfaces. The predicted electric field and
p dis-
t rces
o es,
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r rela-
t
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fl uid
f
d he

accumulation of counterions and depletion of coions at the
outflow interface then results in the creation of a net inter-
facial electric charge density at the outflow with polarity
opposite to that of̄ρFCD (Fig. 5B). Similar processes occur
at the inflow interface, but in reverse such that an excess of
coion from the bath that is convected into the membrane and
countered at steady state by migration and diffusion driv-
ing coions out of the membrane with the net result of coion
excess at the inflow interface. Convection also induces a
decrease in the interfacial counterion concentration at the
inflow since convection moves them from a lower concen-
tration in the inflow to a higher concentration in the mem-
brane. These two effects together create a net interfacial
electric charge density at the inflow with the same polarity
asρ̄FCD.

The first-order perturbation due to convection across a
weakly charged membrane generates an accumulation of
electric charge on each side of the membrane, of opposing
polarity (Fig. 5B), that bears some similarity to a parallel plate
capacitor. This capacitor equivalent would have plates sepa-
rated by a distancēh in a media of permittivityε, and a charge
on the left plate of̄σ1(−h̄) and on the right of̄σ1(0) = σ̄1(−h̄).
The solution to this simple electrostatic problem in normal-
ized variables leads to−∇Φ1 = 0 outside of the plates and
to −∇Φ1 = 1

2 σ̄1(−h̄) between the plates. For the case of a
charged membrane, the electric field in the bulk of the mem-
b an be
r he
b

J

rst-
o
β e
f e
r
b e
otential resulting from this perturbation are then clearly
inct and independent of the previously identified sou
f electric potential acting in the bulk of the membran
amely, the streaming potential and diffusion potential.
rigin of the accumulation of electric charge at both m
rane/electrolyte interfaces due to convection can be
s follows. The excess of counterions inside the memb
Fig. 3) is convected toward the outflow interface wh
t is countered at steady state by migration and diffu
riving counterions back into the membrane with the
esult of counterion excess at the outflow interface
ive to the equilibrium situation (Fig. 5A). Convection will
lso induce a depletion of the coions (Fig. 5A) at the out-
ow interface since it brings a low coion concentration fl
rom the bulk of the membrane into the bath (Fig. 3) that
ilutes the interfacial equilibrium coion distributions. T
rane and its corresponding surface charge density c
elated toρ̄FCD using the zero current condition (BC2) in t
ulk of the membrane, i.e.:

1̄ =
∑

i

ziΓ̄ i
1 = (−∇̄ c̄+

1 − (c̄+
0 ∇Φ1 + c̄+

1 ∇Φ0) + c̄+
0 )

−(−∇̄ c̄−
1 + (c̄−

0 ∇Φ1 + c̄−
1 ∇Φ0) + c̄−

0 ) = 0 (37)

The gradient of the electroneutrality relation (up to fi
rder) in the bulk of the membrane is̄∇((c̄+

0 − c̄−
0 ) +

(c̄+
1 − c̄−

1 )) = 2∇̄ρ̄FCD. Combining this relation with th
act that ∇Φ0 = ∇̄ c̄+

0 = ∇̄ c̄−
0 = ∇̄ρ̄FCD = 0 in the sam

egion leads to∇̄ c̄+
1 = ∇̄ c̄−

1 . By substitution, Eq.(37)
ecomes−c̄+

0 ∇Φ1 + c̄+
0 − c̄−

0 ∇Φ1 − c̄−
0 = 0 and thus th
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Table 2
Expression of different parameters in terms ofρ̄FCD

Parameter Expression

Equilibrium
Donnan potential,̄ΦD arc sinh(̄ρFCD)

Bulk concentration, ¯ci
0 Exp(−ziarc sinh(̄ρFCD))

Decay length (membrane), ¯xM ∼= (1 + ρ̄2
FCD)

−1/4

Potential at the interface,̄ΦI arc sinh(̄ρFCD) +
(

1 −
√

1 + ρ̄2
FCD

ρ̄FCD

)
First-order perturbation

Surface charge (inflow),̄σ1(−h̄)
2ρ̄FCD√
1 + ρ̄2

FCD

Bulk electric field,−∇Φ1
ρ̄FCD√
1 + ρ̄2

FCD

Bulk conc. gradient,̄∇ c̄i
1

1√
1 + ρ̄2

FCD

− 1

Potential drop (outflow),̄Φ1(b̄) −ρ̄FCDh̄

Bulk convection flux, ¯ci
0 Exp(−zi arc sinh(̄ρFCD))

Bulk diffusion flux,−∇̄ c̄i
1 1 − 1√

1 + ρ̄2
FCD

Bulk migration flux,−zic̄i
0∇Φ1

ziρ̄FCD√
1 + ρ̄2

FCD

Exp(−zi arc sinh(̄ρFCD))

electric field in the bulk is:

−∇Φ1 = 1

2
σ̄1(−h̄) = c̄−

0 − c̄+
0

c̄+
0 + c̄−

0

= tanh(arc sinh(̄ρFCD))

= ρ̄FCD√
1 + ρ̄2

FCD

(38)

A similar expression for the first order concentration
gradient in the bulk of the membrane (seen clearly in
Figs. 6A and 7A) can be obtained by considering the total
flux in the system. Neither the system of equations (Eqs.
(32)–(34)), nor the boundary conditions (Eq.(36)), impose
any particular value for the amplitude of the ion fluxes (Eq.
(34)) since only first-order concentrations rather than concen-
tration gradients are forced to zero at mesh boundaries (Eq.
(36)). Note in contrast that electroneutrality combined to the
open-circuit condition does force the electric field (−∇Φ1) to
be zero in the bath. In practice, however, the mesh boundaries
are located very far from the membrane such that the non-
zero concentration gradients are very close to zero resulting
in normalized non-divergent ion fluxes that are very close to
one and nearly constant. Assuming then that the normalized
non-divergent ion fluxes given by Eq.(34)are equal to 1, i.e.
−∇̄ c̄i

1 − zi(c̄i
0∇Φ1 + c̄i

1∇Φ0) + c̄i
0 = 1 and that∇Φ0 = 0,

w
e -
i r
p f the

membrane are

∇̄ c̄i
1 = Exp(−zi arc sinh(̄ρFCD))


1 + ziρ̄FCD√

1 + ρ̄2
FCD


− 1

= 1√
1 + ρ̄2

FCD

− 1 (39)

This derivation reveals these first-order concentration gra-
dients arise from the first-order electric field inducing a
migration term,−zic̄i

0∇Φ1. Since the concentration of coun-
terions greatly exceeds that of coions at high membrane fixed
charge, this migration term will induce a displacement of
these counterion majority carriers towards the inflow side
of the membrane and the coion will follow in the bulk to
maintain local electroneutrality. These induced concentra-
tion gradients will partly counteract migration by adding
a diffusion term in the flux balance,−∇̄ c̄i

1. The analytical
expressions for first-order electric field and concentration
gradients were compared to simulation results (Figs. 5–8)
and were found to agree for the entire range ofρ̄FCD even
including the saturation effect found at high̄ρFCD.

The first-order perturbation due to convection across a
strongly charged membrane also resulted in charge accu-
mulation at each interface of the membrane but dis-
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e find∇̄ c̄i
1 = −zic̄i

0∇Φ1 + c̄i
0 − 1. Using (Eq.(38)) for the

lectric field in the bulk of the membrane (Eq.(38)) and a sim
lar one for the concentrations (seeTable 2), the first-orde
erturbation for the concentration gradients in the bulk o
layed a more complex capacitor-within-a-capacitor st
ure (Figs. 6B and 7B) compared to the simple capaci
tructure observed for a weakly charged membrane (Fig. 5B).
t low ρ̄FCD, the electric charge density distribution on b
ides of the membrane is centered at the interface a
haracterized by the excess of a single type of ion ove
ther (Fig. 5A and B). However, when̄ρFCD increases, a
nexpected stacking of two distinct oppositely charged
rs occurs (Figs. 6B and 7B), the original one being push
ut into the bath and the new one of opposite polarity app

ng inside the membrane. This extra capacitive layer in
he first one is due to the second migration term of
34), −zic̄i

1∇Φ0, that becomes significant at the interf
hen both ¯ci

1 and∇Φ0 are considerable, i.e. at largēρFCD.
t the outflow interface, this extra migration term pus

he counterion out of the membrane and forces the c
nside, as pictured inFigs. 6A and 7A, thus creating the ext
nner capacitive layer. At the inflow interface, this mig
ion term has the same amplitude and direction as fo
utflow, and therefore pushes the counterion inside the m
rane and forces the coion out. This extra migration ter

herefore responsible for creating the second capacitive
nd displacing the original one towards the bath (com
igs. 5B and 7B). This effect is at the origin of the saturati
een inFig. 8 since the field produced by the inner cap
ive layer opposes that produced by the outer one, effec
ancelling it out once the membrane charge density
rder of magnitude larger than the ionic strength (Fig. 7C). It
hould be noted that increasing the thickness of the mem
ould also create the capacitor-within-a-capacitor struc
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Fig. 8. Numerical solutions for the normalized first-order perturbation elec-
tric field,−∇Φ1 and first-order interfacial charge density at the inflow side of
a membrane,̄σ1(−h̄), induced by forced convection as a function ofρ̄FCD.
Note that−∇Φ1 = 1

2 σ̄1(−h̄) = ρ̄FCD√
1+ρ̄2

FCD

according to Eq.(38) and this

analytical solution superimposes accurately (solid line) over the simulation
results (�). Dimensional quantities can be found as follows:x = x̄(1/κ),
ρFCD = ρ̄FCD(2Fc0) andβσ1 = σ̄1(Fc0U/κ2Di).

For example, first-order perturbation of the ion distributions
are shown close to ¯x = 0 for a membrane with̄h = 30 versus
one withh̄ = 3000, both with a weak̄ρFCD of 0.1 (Fig. 9).
The figure clearly shows that increasing thickness also cre-
ates the second inner capacitive layer. Here again, the second
migration term of Eq.(34)is responsible for this effect due to
the large perturbations in ion concentrations at the interfaces
(c̄i

1) observed for the thicker membrane.
Convection through the interfaces significantly increases

decay lengths compared to the equilibrium case. The decay
lengths of the first-order perturbation of the electric field
(−∇Φ1) were estimated from the numerical solutions to be
x̄M

1 = 1.59, 1.89 and 0.71, and ¯xB
1 = 1.59, 2.10 and 3.08,

respectively, for̄ρFCD = 10−4, 1 and 5 (seeTable 1). These
decay lengths show the extended width of the perturbed dou-
ble layer,x̄M

1 + x̄B
1 , compared to that at equilibrium, ¯xM

0 + x̄B
0 ,

and is more marked in the bath compared to inside the mem-
brane, as̄ρFCD increases.

Our numerical simulations of convection through mem-
branes of various thickness (not shown) and Eq.(38), show
that the interfacial charge densities, bulk electric field and
concentration gradients, are independent of membrane thick-
ness. This is, however, not the case for the net potential
drop and the net concentration differences between the inflow
and outflow. Simulation results (Figs. 5C–7C) revealed that
the net potential drop between inflow and outflow could be
expressed as̄Φ1(b̄) = −ρ̄FCDh̄. This expression was found to
be accurate to within the tolerance of the numerical simula-
tions for the entire range of̄ρFCD and thickness large enough
to ensure non-interacting interfaces. Unfortunately, we were
not able to derive this analytical expression from the equation
system and no similar expression was found for the con-
centration difference between the inflow and outflow (even
though we believe that one exists). It must be highlighted
that our expression for the potential drop (extracted from the
numerical solution to the non-linear equation system) is larger

by a factor
√

1 + ρ̄2
FCD from what could be calculated by a

simple integration of the constant bulk electric field (Eq.(38))
a inear
b Also
n ten-
t ess
[ ane
p aces
t with
t

rel-
a

F n conc olyte
i ithCD = 0 l
fi mensio
β

ig. 9. Numerical solutions for the normalized first-order perturbatio
nterface showing the extended double layer region for a membrane wρ̄F

xed charge but with (B) a thickness of 3000 Debye lengths (h̄ = 3000). Di
ci

1 = c̄i
1(c0U/κDi).
cross the membrane (i.e. without considering the non-l
ehavior of the extended double layer at both interfaces).
ote that since the amplitude of other sources of bulk po

ial (diffusion or streaming potential) scale with thickn
9,15] that the relative contribution of the transmembr
otential drop induced by convection through the interf

o the total electric potential should remain constant
hickness.

In the bulk of the membrane, a comparison of the
tive magnitude of flux components (Eq.(34)) revealed

entrations, ¯ci
1, within several Debye lengths of the right membrane/electr

.1 and (A) a thickness of 30 Debye lengths (h̄ = 30), vs. one with identica
nal quantities can be found as follows:x = x̄(1/κ), ρFCD = ρ̄FCD(2Fc0) and
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Fig. 10. Relative contribution of the diffusion (−∇̄ c̄i
1), migration

(−zic̄i
0∇̄Φ̄1) and convection (¯ci

0) components of the total normalized coion
flux in the bulk of the membrane, several Debye lengths away from the
interfaces, as a function of̄ρFCD. Analytical equations for the different flux
components (refer toTable 2) are superimposed over the simulation results.
The imposed constant dimensional total coion flux is given byUc0 and the
dimensional fixed charge density isρFCD = ρ̄FCD(2c0F ).

that convection (¯ci
0) is the dominant transport mechanism

at low ρ̄FCD, diffusion (−∇̄ c̄i
1) dominated at high̄ρFCD,

and migration (−zic̄i
0∇Φ1) was important in the intermedi-

ate ρ̄FCD regime (Fig. 10). Note that the second migration
term, −zic̄i

1∇Φ0 in Eq. (34), is always negligibly small
compared to−zic̄i

0∇Φ1 in the bulk of the membrane. The
analytical expressions (obtained using Eqs.(38) and (39)
and Donnan partitioning) for contributions to the coion

flux, i.e. diffusion, 1− 1/

√
1 + ρ̄2

FCD, migration, ρ̄FCD −
ρ̄2

FCD/

√
1 + ρ̄2

FCD and convection, Exp(−arc sinh(̄ρFCD)),
superimpose accurately over numerical results (Fig. 10).
Expressions for the flux components of both the coion and
the counterion show that the sum of all three normalized
flux contributions is equal to unity for anȳρFCD (Table 2).
We observed trends in the flux contributions that are similar
to those reported in[39] for transport through nanofiltration
membranes. The convection component, dominant in the lin-
ear region of the Poisson–Boltzmann equation, is reduced
asρ̄FCD increases since it is controlled by the limiting coion
concentration that decreases due to Donnan exclusion at high
ρ̄FCD. The diffusion component is negligible at low̄ρFCD
but increases significantly at high̄ρFCD when concentration
polarization becomes important. The migration component of
the coion flux is proportional to both the equilibrium coion
c field
t
b
F con-
v

tress
i ligi-
b m

swelling pressure of the membrane. Of course, its relative
importance will increase with the convection speed but will
remain negligible in the experimental range forU.

4. Conclusions

The general nature of the theoretical approach in our
study renders our findings applicable to a number of exper-
imental situations where the equilibrium of an interface
between two electrolytes and/or polyelectrolyte medias is
perturbed by convection. Additional preliminary simulations
have shown that driving forces other than convection, e.g.
electric field and concentration gradients, induce similar
effects. Traditional electrokinetic transport models of elec-
trolyte through charged membranes do not take into account
the important interfacial effects we have examined here.
Our results and model may be useful to describe, at least
in part, effects such as concentration polarization that are
currently not predicted by electrokinetic transport models
that neglect the electrical interfacial effects we discuss here,
but rather require post-hoc combination with a film theory
[40]. The ability of the model to describe the positive poten-
tials we detected during articular cartilage compression that
were the motivation for this study is now being investigated
[

A

and
E tech
I

oncentration and the first-order perturbation electric
hat, respectively, decreases and increases withρ̄FCD thus
ecoming important only in the intermediate range ofρ̄FCD.
ar in the bath, the main transport mechanism is always
ection.

It can be noted that the electrical compressive s
nduced by the fluid flow to the membrane is always neg
ly small, of the order of 10−9, compared to the equilibriu
14].
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Nomenclature

F Faraday’s constant
R universal gas constant
T absolute temperature
ε water permittivity
c0 equilibrium bath ionic concentrations
i ionic species (coion (+) or counterion (−))
Di diffusion coefficient of ion speciesi
ui mobility coefficient of ion speciesi
zi valence of ion speciesi
κ Debye length reciprocal
δmn Kronecker delta (0, or 1 ifm = n)
h thickness of the membrane
ρFCD fixed charge density of the membrane
E Young’s modulus of the membrane
ΦD Donnan potential of the membrane
ΦI equilibrium potential at the interface
a, b left and right mesh boundaries



72 E. Quenneville, M.D. Buschmann / Journal of Membrane Science 265 (2005) 60–73

x distance to the right side of the membrane
t time
U convection speed
β perturbation parameter
j order of perturbation (when nothing is specify

for j, it refer to the global variable)
Φj electric potential (jth order)
ci
j concentration of ion speciesi (jth order)

Γ i
j flux of ion speciesi (jth order)

Jj ionic current density (jth order)
xM
j decay length in the membrane (jth order)

xB
j decay length in the bath (jth order)

ρj electric charge density (jth order)
σj interfacial charge density (jth order)

overscore is used for the normalized variables
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electric potentials detected at the cartilage/bath interface during com-
pression and their importance in clinical cartilage diagnostics, in:
Trans. of the 50th Annual Meeting of the ORS, vol. 29, San Fran-
cisco, USA, 2004, p. 528.

[15] W.M. Lai, V.C. Mow, D.D. Sun, G.A. Atheshian, On the electric
potentials inside a charged soft hydrated biological tissue: streaming
potential versus diffusion potential, J. Biomech. Eng. 122 (2000)
336.

[16] S.W.B. de Lint, M.P. Biesheuvel, Application of the charge regu-
lation model to transport of ions through hydrophilic membranes:
one-dimensional transport model for narrow pores (nanofiltration),
J. Colloid Interface Sci. 251 (2002) 131.

[17] J.R. Melcher, Continuum Electromechanics, MIT Press, Cambridge,
MA, 1981, pp. 3.15–3.18.

[18] S.L. Carnie, G.M. Torrie, Statistical mechanics of the electrical dou-
ble layer, Adv. Chem. Phys. 56 (1984) 141.

[19] M. Fixman, The Poisson–Boltzmann equation and its application to
polyelectrolytes, J. Chem. Phys. 70 (1979) 4995.

[20] F. Helfferich, Ion Exchange, McGraw-Hill Inc., New York,
1962.

[21] S.R. De Groot, P. Mazur, Non-Equilibrium Thermodynamics, Dover,
1984.

[22] Z. Schuss, B. Nadler, R.S. Eisenberg, Derivation of Poisson and
Nernst–Planck equations in a bath and channel from a molecular
model, Phys. Rev. E 64 (2001) 036116.

[23] P.A. Markowich, The Stationary Semiconductor Device Equations,
Springer–Verlag, Vienna and New York, 1986.

[24] C.L. Gardner, J.W. Jerome, R.S. Eisenberg, Electrodiffusion model
simulation of rectangular current pulses in a voltage-biased biological

ate
ath.

ge,

ge,

or
.
al-
68)

ue
,

r

.

the

-
24

f a

n-
d
0,

re,
d-
11
tilage using a surface probe with applied mechanical displace
J. Biomech. 28 (1995) 963.

[11] A.C. Chen, T.T. Nguyen, R.L. Sah, Streaming potentials during
confined compression creep test of normal and proteoglycan-de
cartilage, Ann. Biomech. Eng. 25 (1997) 269.
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